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Abstract
We have studied the shadow of a disformal Kerr black hole with an extra deformation parameter,
which belongs to non-stealth rotating solutions in quadratic Degenerate Higher Order Scalar Tensor
(DHOST) theory. Our result show that the size of the shadow increases with the deformation
parameter for the black hole with arbitrary spin parameter. However, the effect of the deformation
parameter on the shadow shape depends heavily on the spin parameter of black hole and the sign
of the deformation parameter. The change of the shadow shape becomes more distinct for the black
hole with the more quickly rotation and the more negative deformation parameter. Especially,
for the near-extreme black hole with negative deformation parameter, there exist a “pedicel”-like
structure appeared in the shadow, which increases with the absolute value of deformation parameter.
The eyebrow-like shadow and the self-similar fractal structures also appear in the shadow for the
disformal Kerr black hole in DHOST theory. These features in the black hole shadow originating
from the scalar field could help us to understand the non-stealth disformal Kerr black hole and
quadratic DHOST theory.
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2I. INTRODUCTION
The image of supermassive black hole in M87* [1, 2] together with the gravitational waves detected from
binary black hole merger [3–7] open a new era of testing gravity in strong field regimes. Einstein’s general
relativity is found to be consistent with the current observations. However, the possibility of modified gravity
is not completely excluded at present. Thus, it is still necessary to investigate further the dynamical properties
and observational effects associated with gravitational field in other alternative theories of gravity.
It is well known that scalar-tensor theories are a kind of alternative theories of gravity, where there exists a
scalar degree of freedom besides the gravitational metric. At present, the most general family of scalar-tensor
theories is the so-called Degenerate Higher-Order Scalar-Tensor (DHOST) theories [8–10], which contain the
higher order derivative of scalar field and satisfy with a certain set of degeneracy conditions. It is a further
extension of Horndeski theories [11] and Beyond Horndeski theories [12]. With the degeneracy conditions, the
Ostrogradsky ghost can be vanished in the DHOST theories, even if there exist the higher-order equations of
motion. It means that the degeneracy of Lagrangian [8, 9], rather than the order of equations of motion, is the
crucial element characterized higher-order theories owning only a single scalar degree of freedom. In general,
it is very difficult to obtain exact solutions for black holes in alternative theories of gravity because the field
equations become more complicated. However, some new black hole solutions in the DHOST theories have
emerged these last years [13–20]. These solutions can be classified as the stealth solutions and the non-stealth
solutions. For the stealth solutions, the metric of spacetime is the same as those in general relativity, but
there exists an extra scalar field which does not emerge in the spacetime metric. However, for the non-stealth
solutions, the parameters of scalar field appear in the metric, which lead to that the metric for the solution
deviate from those in Einstein’s theory of gravity.
Recently, a disformal rotating black hole solution in quadratic DHOST theories is obtained by using the
disformal solution-generating method [21, 22]. Starting from a “seed” known solution g˜µν in DHOST Ia
theory [10], one can obtain a new solution gµν in another specific DHOST Ia theory by performing a disformal
transformation of the metric. It is not surprising because the disformal and conformal transformations can
take us from some DHOST Ia theory to some other specific DHOST Ia theory [10]. This disformal rotating
black hole solution owns three parameters: the mass, the spin and the disformal parameter which describes
the deviation from the Kerr geometry [21, 22]. The scalar field associated with this solution is time-dependent
with a constant kinetic density. The disformed Kerr solution is asymptotically flat, but no more Ricci flat.
3Especially, it has the same singularity as in the Kerr case despite the extra scalar field changes the metric
of spacetime. However, the presence of scalar field modifies the position and width of ergoregions, and then
also affects the possibility of extracting rotation energy from black hole by the Penrose process. Therefore,
comparing with the stealth solution, the change of spacetime structure originating from the scalar field for a
rotating non-stealth black hole would bring us some new observational effects differed from usual Kerr black
hole.
On the other hand, the investigations of black hole shadows have been boosted by the first image provided
by the Event Horizon Telescope (EHT) Collaboration [1, 2]. It is shown that the information stored in shadows
could be applied to examine the theories of gravity. In general relativity, the shadow for a fast rotating black
hole is a “D”-shaped silhouette due to dragging effect arising from black hole rotation [23, 24]. However,
in alternative theories of gravity, the shadow for a fast rotating black hole could become more prolate or
oblate due to the deviation from the Kerr black hole [25, 26]. Thus, with high precision observation in the
future, it is possible to select out the theory describing correctly gravity in nature through detecting black hole
shadows. Moreover, black hole shadows have also been treated as a potential tool to study the possibility of
constraining black hole parameters and extra dimension size [27, 28], and to probe some fundamental physics
issues including dark matter [29–33] and the equivalence principle [34]. The main purpose of this paper is
to study the shadow of a rotating non-stealth black hole in quadratic DHOST theories and to see what new
features exist in the shadow for this disformed black hole.
The paper is organized as follows: In Sec.II, we introduce briefly the rotating non-stealth black hole solution
in quadratic DHOST theories, and then study equation of motion for the photons in this spacetime. In Sec.III,
we present numerically the shadow of the rotating disformed black hole and probe the effects of the deformation
parameter arising from scalar field on the shadow. Finally, we end the paper with a summary.
II. EQUATION OF MOTION FOR THE PHOTONS IN THE ROTATING NON-STEALTH
SOLUTION IN QUADRATIC DHOST THEORIES
Let us now to introduce briefly the disformal Kerr black hole with an extra deformation parameter, which
is a non-stealth rotating solution in quadratic DHOST theory. The most general action for the quadratic
DHOST theory can be expressed as [8]
S =
∫
d4x
√−g
(
P (X,φ) +Q(X,φ)φ+ F (X,φ)R +
5∑
i=1
Ai(X,φ)Li
)
, (1)
4with
L1 ≡ φµνφµν , L2 ≡ (φ)2, L3 ≡ φµφµνφνφ,
L4 ≡ φµφµνφνρφρ, L5 ≡ (φµφµνφν)2 , (2)
where R is the usual Ricci scalar and φ is the scalar field with kinetic term X ≡ φµφµ, and the quantity
φµ ≡ ∇φ. Here P , Q, F and Ai are functions of φ and X . In order to ensure only an extra scalar degree of
freedom in addition to the usual tensor modes of gravity in quadratic DHOST theory, the functions F , Ai
must satisfy the so-called degeneracy conditions, but P and Q are totally free. The degeneracy conditions for
quadratic DHOST Ia theory is given in Ref.[10]. From the previous discussion, one can obtain a new solution
from a “seed” known solution in DHOST Ia theory by performing a disformal transformation of the metric.
In general, the disformal transformation of the metric can be expressed as [10]
gµν = A(X,φ)g˜µν −B(X,φ)φµφν , (3)
where gµν is the “disformed” metric and g˜µν is the original “seed” one. A(X,φ) and B(X,φ) are conformal
and disformal factors, respectively. In order to obtain a new solution, the functions A and B must satisfy the
conditions that the two metrics are not degenerate. Starting from Kerr metric and adopting the transformation
with A(X,φ) = 1 and B(X,φ) = B0 (B0 is a constant), one can obtain the disformal Kerr metric [21, 22]
ds2 = −∆
ρ
(dt− a sin2 θdψ)2 + ρ
∆
dr2 + ρdθ2 +
sin2 θ
ρ
(adt− (r2 + a2)dψ)2
+α(dt+
√
2Mr(r2 + a2)/∆dr)2. (4)
Here the scalar field is only a function of the coordinates t and r, i.e.,
φ(t, r) = −mt+ Sr(r), Sr = −
∫ √R
∆
dr,
R = 2Mm2r(r2 + a2), ∆ = r2 + a2 − 2Mr. (5)
The parameter α is related to the rest mass m of the scalar field by α = −B0m2, and ρ = r2 + a2 cos θ2. The
choice of A0 = 1 can avoid a global physically irrelevant constant conformal factor in the metric. In order
to avoid the pathological behavior of the disformal metric at spatial infinite, the scalar field φ is taken to
independent of the angular variable θ [21, 22]. The negative sign in Sr was chosen because the scalar field
should be regular at the horizons of a Kerr black hole ∆ = 0 [22]. Obviously, the disformal Kerr metric (4)
in quadratic DHOST theory owns three parameters: the mass parameter M and spin parameter a together
with a new deformation parameter α encoded precisely the deviations from general relativity. The presence
5of α means that the disformal Kerr metric (4) is a non-stealth solution in quadratic DHOST theory because
the scalar field modifies the metric of spacetime, which is difference from that in the stealth solution case.
Like the usual Kerr metric, the disformal Kerr metric (4) has a coordinate singularity at ∆ = 0 and an
intrinsic ring singularity at ρ = 0. Moreover, it must be pointed that although the disformal Kerr metric (4)
is asymptotically flat, however, its asymptotical behavior is not entirely the same as that of the Kerr one due
to the existence of drdt term.
We are now in position to study the motion of photon in the disformal Kerr black hole spacetime (4). The
Hamiltonian of a photon moving along null geodesics in the curved spacetime can be expressed as
H(x, p) =
1
2
gµν(x)pµpν = 0. (6)
It is obvious that the metric functions in the disformal Kerr spacetime (4) are independent of the coordinates t
and ψ, so there exist two conserved quantities, i.e., the photon’s energy E and its z-component of the angular
momentum Lz. However, due to the existence of drdt term, the forms of E and Lz are modified as
E = −pt = −gttt˙− gtr r˙ − gtψψ˙, Lz = pφ = gtψ t˙+ gψψψ˙. (7)
With these two conserved quantities, one can obtain the equations of null geodesics
t˙ =
gψψE + gtψLz + gtrgψψ r˙
g2tψ − gttgψψ
, (8)
ψ˙ =
gtψE + gttLz + gtrgtψ r˙
gttgψψ − g2tψ
, (9)
r¨ =
g2tψ − gttgψψ
grrg2tψ − gttgrrgψψ + g2trgψψ
{
1
2
(gtt,r t˙
2 − grr,rr˙2 + gθθ,rθ˙2 + gφφ,rφ˙2 + 2gtψ,r t˙ψ˙ − 2gθθ,θr˙θ˙)
+
gtr
g2tψ − gttgψψ
[
gtψ(gtψ,r t˙r˙ + gtψ,θ t˙θ˙ + gψψ,rr˙ψ˙ + gψψ,θθ˙ψ˙)
− gψψ(gtt,r t˙r˙ + gtt,θ t˙θ˙ + gtr,rr˙2 + gtψ,rr˙ψ˙ + gtψ,θθ˙ψ˙)
]}
, (10)
θ¨ =
1
2gθθ
(gtt,θ t˙
2 + grr,θr˙
2 − gθθ,θθ˙2 + gψψ,θψ˙2 + 2gtψ,θt˙ψ˙ − 2gθθ,rr˙θ˙). (11)
From Eqs. (8) and (9), one can find that the quantities t˙ and ψ˙ also depend on r˙ due to the presence of
the metric function gtr, which means that the motion of photon has some behaviors differed from the case of
Kerr black hole. Thus, it is expected that the shadow of a disformal Kerr black hole should possess some new
properties which do not belong to Kerr one.
6III. SHADOW OF THE DISFORMAL KERR BLACK HOLE IN QUADRATIC DHOST THEORY
Let us now to study the shadow casted by the disformal Kerr black hole (4) in quadratic DHOST theory
and probe the influence of the deformation parameter α on the shadow. In the disformal Kerr black hole
spacetime (4), the null geodesic equation (8)-(11) can not be variable-separable. Thus, we have to resort to
”backward ray-tracing” method [35–46] to simulate numerically the shadow. With this method, the light rays
are assumed to evolve from the observer backward in time and then one can obtain the position of each pixel
in the final image by solving numerically the null geodesic equations. The image of shadow in observer’s sky
is composed of the pixels connected to the light rays falling down into black hole. Since the spacetime of the
disformal Kerr black hole (4) is asymptotically flat, one can expand the local basis of observer {etˆ, erˆ, eθˆ, eψˆ}
as a form in the coordinate basis of black hole spacetime {∂t, ∂r, ∂θ, ∂ψ}
eµˆ = e
ν
µˆ∂ν , (12)
where the matrix eνµˆ meets gµνe
µ
αˆe
ν
βˆ
= η
αˆβˆ
, and η
αˆβˆ
is the usual Minkowski metric. For an asymptotically flat
stationary spacetime (4), it is convenient to choose a decomposition [35–48]
eνµˆ =


ζ ε 0 γ
0 Ar 0 0
0 0 Aθ 0
0 0 0 Aψ

 , (13)
where ζ, ε, γ, Ar, Aθ,and Aφ are real coefficients. Actually, the decomposition (13) is associated with a
reference frame with zero axial angular momentum in relation to spatial infinity. According to the Minkowski
normalization
eµˆe
νˆ = δνˆµˆ, (14)
one can obtain
Ar =
1√
grr
, Aθ =
1√
gθθ
, Aψ =
1√
gψψ
, ζ =
√
grrgψψ
g2tψgrr + (g
2
tr − gttgrr)gψψ
,
ε = − gtr√
grr
√
gψψ
g2tψgrr + (g
2
tr − gttgrr)gψψ
, γ = − gtψ√
gψψ
√
grr
g2tψgrr + (g
2
tr − gttgrr)gψψ
. (15)
From Eq.(12), we find that the locally measured four-momentum pµˆ of a photon can be expressed as
ptˆ = −ptˆ = −eνtˆ pν , piˆ = piˆ = eνiˆ pν . (16)
7FIG. 1: The change of shadow with the deformation parameter α for the disformal Kerr black hole in the quadratic
DHOST theory with fixed a = 0. Here we set the mass parameter M = 1, robs = 30M and θobs = pi/2. The figures
from left to right correspond to α = −0.5, −0.3, 0, and 0.2, respectively.
FIG. 2: The change of shadow with the deformation parameter α for the disformal Kerr black hole in the quadratic
DHOST theory with fixed a = 0.5. Here we set the mass parameter M = 1, robs = 30M and θobs = pi/2. The figures
from left to right correspond to α = −0.5, −0.3, 0, and 0.2, respectively.
Combining with Eq.(15), we can obtain the locally measured four-momentum pµˆ in the disformal Kerr black
hole spacetime (4)
ptˆ = ζE − γL− εpr, prˆ = 1√
grr
pr,
pθˆ =
1√
gθθ
pθ, p
ψˆ =
1√
gψψ
L, (17)
Thus, the celestial coordinates for pixel corresponding to light ray in the spacetime (4) can be expressed as
x = −robs p
ψˆ
prˆ
= −robs
√
grr
gψψ
gtψ t˙+ gψψψ˙
grrr˙ + gtr t˙
,
y = robs
pθˆ
prˆ
= robs
√
grrgθθθ˙
gtr t˙+ grrr˙
, (18)
where robs, θobs are the radial coordinate and polar angle of observer.
In Figs.1-3, we present the shadows of the disformal Kerr black hole (4) observed in equatorial plane for
different spin parameters a and deformation parameter α. As a = 0, we find that the shadow shape is an
perfect disk for different α, which is similar to those of the usual non-rotating black holes. However, the size
of the shadow increases with the deformation parameter α. The dependence of the size of the shadow on the
mass of the scalar field m is also determined by the sign of the constant B0. In other words, the size of the
shadow decrease with the mass m of the scalar field as B0 > 0, but increases as B0 < 0. For the rotating
8FIG. 3: The change of shadow with the deformation parameter α for the disformal Kerr black hole in the quadratic
DHOST theory with fixed a = 0.998. Here we set the mass parameter M = 1, robs = 30M and θobs = pi/2. The figures
from left to right correspond to α = −0.5, −0.3, 0, and 0.2, respectively.
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FIG. 4: The change of the shadow size Rs and the distortion δs with the deformation parameter α for the disformal
Kerr black hole with different a.
black hole, from Fig.2-3, we find that effect of the deformation parameter α on the size of the shadow is
similar to that in the non-rotating case, i.e., the size of the shadow is an increasing function of α. However,
the change of the shadow shape with α depends on the spin parameter a of black hole and the sign of α. It is
shown that the change of the shadow shape becomes more distinct for the black hole with the more quickly
rotation and the more negative parameter α. Especially, as a = 0.998 and α < 0, we find that there exist a
“pedicel”-like structure appeared in the left of the shadow, which increases with the absolute value of α. In
Fig.4, we also plot the change of the black hole shadow size parameter Rs and the distortion parameter δs
with the deformation parameter α for different spin parameter a. Here, the parameters Rs and δs are defined
as [49]
Rs =
(xt − xr)2 + y2t
2(xr − xt) , δs = 2−
xr − xl
Rs
, (19)
where (xt, yt) is the coordinate of the top point of the shadow. The coordinates (xr , 0) and (xl, 0), respectively,
correspond to points located at the most right position and the most left position of shadow along the
horizontal line y = 0. From Fig.4 and Tab.(I), we find that the shadow size Rs increases with the increase
9δs
α
−0.5 −0.4 −0.3 −0.2 −0.1 0.0 0.1 0.2 0.3 0.4 0.5
a
0.5 −0.0189 0.0193 0.0499 0.0644 0.0474 0.0294 0.0166 0.0077 0.0019 −0.0015 −0.0030
0.998 0.0457 0.1001 0.1547 0.2081 0.2558 0.2425 0.0867 0.0364 0.0089 −0.0058 −0.0121
TABLE I: Numerical values of distortion parameters δs for the shadow casted by a disformal Kerr black hole in the
quadratic DHOST theory.
FIG. 5: The eyebrow shape shadow and the self-similar fractal structures in the shadow of a disformal Kerr black
hole in the quadratic DHOST theory with fixed a = 0.998 and α = −0.1. Here we set the mass parameter M = 1,
robs = 30M and θobs = pi/2.
of the deformation parameter α for fixed spin parameter a, which is consistent with the previous analysis.
The change of Rs with a also depends on the disformal parameter α. With the increase of α, the shadow
size Rs change gradually from an increasing function of spin parameter a to an decreasing function. For the
distortion parameter δs, one can find that it first increases and then decreases with α for the fixed non-zero
spin parameter a. Thus, there exists a peak in the curve δs(α) and the position of peak moves right with
the increase of a. From Fig.4, we confirm again that the change of the shadow shape with α becomes more
distinct for the rapidly rotating black hole. Moreover, from Fig.3, we can find that as α < 0 there exist two
larger eyebrow-like silhouette in the shadow, which distribute symmetrically on the two side of the horizontal
line y = 0. The region of appearing eyebrow-like shadow increases with the absolute value of α. Actually, as
shown in Fig.(5), many other smaller eyebrow-like structures can be detected in the shadow of the disformal
Kerr black hole (4). This means that the shadow of a disformal Kerr black hole in DHOST theory possesses a
self-similar fractal structure caused by chaotic scattering of photon, which is qualitatively different from that
in usual Kerr black hole spacetime. These novel features in the black hole shadow originating from the scalar
field could help us to understand black hole and to examine whether the real gravity is described by quadratic
DHOST theory in the future.
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IV. SUMMARY
We have studied the shadows of a disformal Kerr black hole with an extra deformation parameter α, which
belongs to non-stealth rotating solutions in quadratic DHOST theory. Our result show that the size of the
shadow for fixed a increases with the deformation parameter α, which means that the size of the shadow
decrease with the mass m of the scalar field as B0 > 0, but increases as B0 < 0. However, the effect of the
parameter α on the shadow shape depends heavily on the spin parameter of black hole and the sign of α. As
a = 0, the shadow shape is an perfect disk for different α, which is similar to those of the usual non-rotating
black holes. For the rotating case, the change of the shadow shape becomes more distinct for the black hole
with the more quickly rotation and the more negative parameter α. Especially, as a = 0.998 and α < 0, we
find that there exist a “pedicel”-like structure appeared in the left of the shadow, which increases with the
absolute value of α. The distortion parameters δs first increases and then decreases with the deformation
parameter α for the fixed non-zero spin parameter a. The position of peak in the curve δs(α) moves right with
the increase of the spin parameter a. With the increase of the spin parameter a, we also note that the shadow
size Rs decreases for certain cases with positive α, which is different from that in usual rotating black hole.
Moreover, we find that there exist eyebrow-like shadow and the self-similar fractal structures in the shadow
for the disformal Kerr black hole in DHOST theory, which is qualitatively different from that in usual Kerr
black hole spacetime.
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